The Eulerian-Eulerian two-fluid model is widely used for computational fluid dynamics simulations of gas-solid flows. For non-isothermal flows, the averaged conservation equations solved in the two-fluid model require closures for drag, gas-solid heat transfer, pseudo-turbulent velocity fluctuations and the pseudo-turbulent heat flux (PTHF). However, the pseudo-turbulence terms are usually neglected in twofluid simulations due to the lack of accurate correlations. With the increase in computational power, closures for these terms are now available from particle-resolved direct-numerical simulation (PR-DNS).
Introduction
For the gas phase, the momentum equation has the form ∂ ∂t (ε g ρ g U g ) + ∇ · (ε g ρ g U g ⊗ U g ) + ∇ · ε g ρ g u g ⊗ u g = ∇ · (ε g τ g ) − ε g ∇p + ε g ρ g g + K sg (U s − U g ) (1) where the third term on the left-hand side is the transport due to the pseudo-turbulent 68 Reynolds-stress (PTRS) tensor R ij = u g ⊗ u g , and u g is the pseudo-turbulent fluctuations 69 of the gas-phase velocity. This term is usually neglected in the two-fluid model due to the 70 lack of information on how to close it. However, recent PR-DNS data show that gas-phase 71 velocity fluctuations can contribute significantly, even in laminar gas-solid flows, and provide 72 a closure for the PTRS components using fixed-bed simulations which is also validated as 73 an approximation to high stokes number freely evolving suspensions [36] :
where k g is the gas-phase PTKE. The anisotropy tensor component parallel to mean-slip 75 velocity is given by
and the components perpendicular to the mean-slip velocity by
with a = 0.523, b = 0.305, c = 0.114, d = 3.511, e = 1.801, and f = 0.005. In a coordinate 78 system where the first direction is parallel to the mean-slip velocity, the PTRS tensor is
. The transformation to a fixed Cartesian coordinate 80 system is described in Sec. 2.3.
81
The PTKE in (2) is modeled in terms of the mean-slip kinetic energy E g = 1 2 |W | 2 by
In the expressions above,
Reynolds number based on the mean-slip velocity, particle diameter d p and fluid kinematic 84 viscosity ν g . The remaining terms in (1) are the viscous stress tensor τ g , the pressure p, 85 gravity g and the drag coefficient K sg . We should note that a PR-DNS closure is also In this work, we consider heat transfer between the gas and solid phases in the absence of 89 chemical reactions and neglect density changes. In the two-fluid model, the thermal energy 90 balance for the gas phase has the form
where the gas-solid heat-transfer coefficient is given by
k g is the molecular thermal conductivity of the gas, and T s and T g are the average temper-93 atures of the solid and gas phases, respectively. The pseudo-turbulent heat flux (PTHF) is 94 expressed by u g T g with T g denoted as the pseudo-turbulent fluctuations of the gas-phase 95 temperature, but is usually neglected in two-fluid models due to the lack of a suitable closure. 
where P r is the Prandtl number for the gas, and the term 100
accounts for the fact that the Nusselt number in the two-fluid heat transfer term is based on the phase-averaged fluid temperature T g , whereas in the PR-DNS it is based on the bulk fluid temperature.
103
In order to develop a model for the PTHF, Sun et al.
[37] introduced a gradient-diffusion 104 model by analogy with turbulent scalar flux models in single-phase flow [42]:
where the pseudo-turbulent thermal diffusivity α P T is a second-order, non-negative tensor.
106
For comparison with [37], the scalar φ can be defined using a non-dimensional temperature:
where T m,in is the ensemble-averaged inlet bulk fluid temperatur and T s is the solid tem- 
where α g is the molecular thermal diffusivity of the gas (P r = ν g /α g ). The strong anisotropy 112 of the PTRS [19, 21] results in anisotropic heat transport [44] . We hypothesize that the ratio 
where R ij , b ⊥,⊥ and b , are defined in Sec. 2.1. In an orthogonal coordinate system with 
which is zero for ε s = 0. The modified closure is compared to the original form in 
The diagonal forms α † P T and R † are applicable to a system with reference axes
or 132
Note thatu 1 , w 2 and w 3 should be linearly independent so that the generated orthonormal 133 set does not contain the zero vector. In our program, the largest element of u 1 is first 134 searched, and then w 2 and w 3 should be the other two element vectors of the standard 135 basis. For example, when u 1 = (0 1 0), w 2 and w 3 should equal e 1 and e 3 separately.
136
A rotation matrix, defined by 137 Q =   e 1 · e 1, e 2 · e 1, e 3 · e 1, e 1 · e 2,⊥ e 2 · e 2,⊥ e 3 · e 2,⊥ e 1 · e 3,⊥ e 2 · e 3,⊥ e 3 · e 3,⊥
is needed to transform the PR-DNS pseudo-turbulent closures into the standard Cartesian 
176
The results obtained from fixed-particle assemblies are not very different from those 177 obtained from freely evolving suspensions. This establishes the validity of using fixed-bed 178 pseudo-turbulence models as an approximation to high-Stokes-number suspensions in the 179 limit where the particle thermal response time is large compared to the time for changes 180 of particle configuration, as employed in this paper. However, the pseudo-turbulence terms 181 PTKE/PTHF can be significant when the granular energy is significant, even if the mean 182 slip velocity is low, e.g., the extreme case with zero slip velocity but nonzero granular 183 temperature. To capture the effect of particle granular temperature in the pseudo-turbulence 184 models, we will investigate it in the future with PR-DNS simulations initialized with different 185 levels of granular energy. In the meantime, a simple isotropic model can be employed for 
respectively. Here, (19) fixes the mean pressure gradient needed to balance the drag force 199 exerted on the gas phase by the particles. Note that the PTRS tensor drops out of this The transport equation of the tracer is
2-D test of tracer advection diffusion
where C is the concentration of tracer in the liquid phase and D = ν g /Sc is the molecular 232 diffusion coefficient for tracer in the mixture flow. D P T is the pseudo-turbulence diffusion 233 coefficient, which is equivalent to α P T in the temperature equation. the form of (14) plotted in Fig. 1 ).
244
To explore this question further, we calculated the budget of the thermal energy equation 
It can be clearly seen in Fig. 8 that the molecular thermal diffusivity is negligible at larger 247 Reynolds number while the pseudo-turbulent thermal diffusivity is quite large. Figure 9 248 compares the concentration distribution of the tracer in the two-fluid flow with ε s = 0.01, 0.1,
249
Re m = 100 and Sc = 0.7. We can see that the pseudo-turbulent diffusivity has a significant 250 influence compared to the molecular diffusivity. The results of ε s = 0.01 shows the pseudo-251 turbulent diffusivity cannot be neglected even for very low solid volume fraction.
252

Conclusions
253
In this work, we investigated the influence of the pseudo-turbulence terms in the two-fluid 254 model for non-isothermal, gas-solid flows and tracer advection diffusion cases. To accomplish 255 this task, we first modified the PR-DNS PTHF closure to extend its application range to 256 small solid volume fractions, and implemented the modified PTHF closure in OpenFOAM. will not be significantly different from those presented here, for high-Stokes-number particles 272 where the particle thermal response time is much larger than the timescale for change of 273 particle configuration [36] . But it is noteworthy that when the granular energy is significant, 274 even if the mean slip velocity is low, the pseudo-turbulent energy will be significant and 
